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Issues and Outline

e (Collisionless, radial transport of angular momen-
tum is observed and required for both

(i) tokamak plasmas
(ii) astrophysical accretion disks
e Neutral fluid experiments show onset of transport

by axisymmetric Taylor vortices for Q(r) = Q4 (ry/r)?
with ¢ > 2 (Koschmeider and Swinney).

e MHD theory predicts the frozen-in magnetic field
changes critical gradient to ¢ > 0 in weak-B-field
limit (Chandrasekhar, (p. 385-387)-Velikhov.

e Turbulent simulations (Balbus-Hawley)

e Here we give turbulence theory and present 3D
MHD simulations on a grid and in pseudo-spectral
+ radial grid code.



Turbulence and Structures in Protoplanetary
Disk

Key issue defined by Kuiper, Cameron, and Boss

1. Can instabilities in the protoplanetary disk pro-
duce condensation of gas into clumps < 10° yrs.?

2. Can the Parker instability subsequently, in a sym-
biotic way, eject the remaining gas to create Ex-
trasolar systems?

Need better understanding through theory and
simulations of disk turbulence.



Boussinesq MHD Equations
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Turbulent State

v=rQ(r)eg+v—+u
B=DB.,e,+0+ /B
P=P(z)+dp+0

Field = Eq + large scale + small scale

r1, Ly q,v + I k,w + 1y



Scale Separation k£ > ¢
Equations (4) — (1) and (2) with scale separation
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Now reduce (8) and (9) with

=V X (vp x Bg+us x By +us x By). (11)

V-VLZO V-US:O (12)
which take the rotational parts of Egs. (8) and (9) with

V X (v X w)

(w-V)v— (v - V)w. (13)



Small Scale Turbulence Driven by the
Keplerian Shear Flow

The small scale fluctuations satisty
(—iw+ ik -vp)dBs = (Br - V)us + Bs - Vv (r)
giving, w = w — k- vy,
—1wd B, = 1k Bu, (1)

ds?
r

The small scale velocity fluctuations satisfy, to the lowest
order in k,Ar > 1,
kB
—iou, — 2Qugp = e 0B, (3)
A p

dS2 kB
—iwug + (2(2 +7r %) Uy = ZT,O 0By. (4)
In Egs. (3) and (4) we neglect the contributions Vép/p

which are determined from V - uy and give the radial
eigenvalue equation.



Local Shearing Dispersion Relation

Eliminating the magnetic fluctuations in Eqs. (1)—(4)
yields the local relations
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This dispersion relation is the same as given by Balbus—

Hawley in Eq. (111) and in Chandrasekhar pp. 385-387.



Local Shearing Dispersion Relation

For w%/9Q? — 0 the dispersion relation has the Cou-
ette flow modes w? = 0 and w? = 2Qd(r*Q)/dr which
is stable for monotonically increasing values of r2Q(r).
Now for w? /22 # 0 the zero frequency modes are desta-
bilized for any dQ2/dr < 0 for sufficiently small w? o
kZv?%. The practical limit of small w4 is given by B, and
k., > w/H where H is the height of the accretion disk.
Thus, we have for

d§22> 2>B§ (71')2
—r — > W
A= H

dr (7)

A p

Purely growing modes w = =447y in the frame of plasma

with
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Maximum Growth Rate

Computing dvy/dk, we find the maximum growth rate
at wh + (4 — 2q)w% — q(4 —2q) = 0. For q = 3/2 this
gives

k. 7172 _ 1\ Y2
va _ (—> _ 0.01

Q 2

with

9 — w2 )1/2
Yo = LARLZ WA T 8230
(4 — 2q + 2w?%)1/?

for Keplerian flow. For the full dispersion relation Fig. 1
shows the exact growth v(k,) compared to the values in
Eq. (9) and (9) obtained the weak coupling limit of the
low frequency w% compared with the high frequency Q2.

The pressure fluctuation dp is 90° out of phase with
u, since
op 1k,B

—iou, = —ik, — +
p  Amp

0B. (9)

and
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Using Eq. (9) to calculate the correction to the right—
hand side of Eq. (10) from the radial gradient of the
pressure fluctuation, we get

w0 r Or

0 c_uQ—wil 0
or

(rur)] + k2

y w? — w4 N 2Q(2Q + rQ — w4 /o rQY)
w w— w4 /w

]ur:().

(11)
Now for m = 0 we have @? = const and taking w?%
constant, Eq. (11) reduces to

45522

—2
w CUA

{KDD* + k2 [—K -+ -+ 2rQQ’] } U, =0

(12)
where K = ©? —w?% are D = 9, and D, = 9, + 1/r.
This is Eq. (52) on p. 386 of Chandrasekhar where he
uses ® = 402 + 2QrQ’ to rewrite (12) as

(13)
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operating on &, instead of wu,..

Following Chandrasekhar, we define

I = / N [(Di&)? + k2¢2 ] rdr

1

12:/ OE2rdr

r1

13:/ O*Exrdr

1

and get the stability condition that replaces Eq. (7) as

B? "2 d0O?
—r — 1 — — r2&2rdr. 14
7"'47T101> /T drrﬁrr (14)

1

Thus, we see that k* — k? + 72/Ar? where D.§, ~
&,/ Ar, and the mode is global over a range of r where
dQ?/dr < 0 without the resonances @ = 0 or &? = w%

playing a role.
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Dynamical Equations

(4 r<nmr B, — B B, scaled
() = < q BQ
04 (T—l) r>nry %24 = —
\ r TP
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U, = :;5 = —1k1Qu, + 2Qug + zkgwiBr
. dug : / . 2
Uy = — = —ik1Qug — (22 4+ Q") u,. + tkow? By
dB, , .
iLg = Jt = —ZklﬂBr —+ Zkgur
dB
iy = d—te = —ik1Q By + ikoug + r¥ B,
du, . .
Uy = Yz _ —1k1Qu, + zkgwaBz
dt
dB, , .
’iL6 = dt = —’LklﬁBz -+ Zkguz
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Eigenvalue Problem

d
d_?tL = Lu+ N (u,u)
i —iklﬁ 2() ikgwi 0 0 0 1
20 — QY —ik1Q 0 ik 0 0
1k 0 —ikiQ2 0 0 0
L —
0 ikz TQ/ —iklﬂ 0 0
0 0 0 0 —iklﬂ ’I:kgwi
0 0 0 0  iky —ikiQ

e~ " solutions give

Det = (@° —ksw?) | (@* —k3w?)*—2rQQ (% —ksw? ) — 4(22@2]
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Local Nonlinear Model

Let the two fields be represented by
B=B,y+yxVy¢
V=V,y+¥y x V.
Then, we have
E=-VxB=V,V,¢Y-B,V,p+3y Vi x V.

The y—component gives

o d)
. — — =0
5 +y x V-V g
for frozen flux transport from Fj = 0 and the perpen-

dicular component gives
E, =V,V.Yv-B,V,p

so that

0B N ~
a—ty:—y'vLVyXVJ_ZD‘FY'VJ_ByXVJ_SO'
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Now, we can average over y and z and get

OB, (z) oy 0 Oy
ot  Ox (V 02) ox (By 0z

as the dynamo equation for generation of B, (x,1).

We compute the two fluxes from the linear matrix of

elgenvectors
= O
VyBy = [V —
7= (05
— ~ Jy

from which we get a and 8 of the dynamo equations.

Energy Conservation

Multiply the dv /0t by j, = V2 /41 and integrate
over a volume to get

2
dt Jo 2 50
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and ,
d By
— | ZXBr=— [ BV, ld>x.

Finally, we compute

oV, 1 5, ( N B§+(VM)2)

7y _ B-V)B,— —
ot SHvVY, = 47'('( V) oy 8

and the vorticity equation

g 2 2 _ﬁﬁ 2 2
5 VPV V(Vip) = y ﬁyV Y+ [, V) /A

to compute the dynamics of ¢, ), V), B,. The linearized
equations give the dispersion relation. Thus,

a (BS + V2> d3$—/{_By[Vya¢]+[¢aBy]Vy}/4W:O

dt 81 2
and
d V))? V))?
i (|5 + 55 @ [ [~ v v

+V29p, ]|/ (4m) = 0.
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Parker Instability

ou . 0 op
= (—ik1Q — k2 V)u, + 2Qup — — —
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Oug , 5 , 0 op
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Brant—Vaisala Buoyancy Frequency

— —q, dinp
N2 — gz _ gz v
L, L, dnT (V= Vaa)
T 1
vl d Ve =11
dénp v

In atmospheric science (Gill, pp. 52-53) V.4 is often
called . For diatomic gases (O3, No) the v = 7/5 and
r = 2/7. Potential temperature 6 is defined as the tem-
perature 1" a parcel of air would have if moved adiabati-
cally to a reference pressure surface Pr. In atmospheric
science Pr = 100 millibars = 1 bar is the usual refer-

ence pressure surface. The entropy per unit mass then
n=CyInh and N* = gdinb/dz.
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Toroidal and Vertical Magnetic Field

Ou, o 2By 0 op
= 2() —— | ko B,b, — —— by | — — —
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Nonlinear Transfer Terms

ou u?
T _ L L ) . o _@
B (Lu), —ua - Vu,. + job, — j.bg + ;

= (Lu), + N, (u,b)

ou Uy U
8—::(Lu)9—u-Vu@— i

+ ]rbz T .]zbr

= (Lu)g -+ Ng(u, b)

ou, . .
(;Lt = (Lu), — (u-V)u, + jr-bg — job. = (Lu), + N,
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e ) =—(u-V)b+ (b-V)u
ot
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d [ u? 0 ( op
— (= ) =200 + w21y —uf=—| = *
i (3) = 20m et () e

a
dt

d (u? L, 0 (0p .

(

<
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Nonlinear Transfer Fluxes

IT = (u,rug) = upu, + ugu,,
Tos = (bybg) = by + byb
Ty =ik, (u)b, — u.-b)

T2 = ikz (ugbg — U,ng)

T5 =ik, (ulb, — u,b))

z

)! = —(2Q + QI + w3 Ty + vu; (V2u9 — @)
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d (1
dt <§u2) — QI —v(u-Du+u-D@)+wi T
d 2 / * *

Conservation of Energy

jt <<1 u’ + ; uJA’?2>> = —rQ'(I—Ty)—v(u, Du)—n(b, Db)

Steady State Turbulence

—rQ (1T — Tay) = v(u, Du) + n(b, Db).

Turbulence may be pulsating on intermediate time scale.
From the quasilinear approximation

WAQ(QQ )1/2 <u2>
(4 —2q+&%)(4 - 2q +2w)VE T

Pin:

q=—dinQ/dinr and wA:<k >1/2 /€.
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Eigenvalue Problem with Toroidal By

Define

S_EE L B
A7 p 47 pr?
d d
(w2 — w3, —r%Q2—|—rd—wg) Er
0 o
—|—2’L<C_UQ — CUQWZ>€9 E TP
<w2 — wg) Eg — 20(0) — wow, )& =0
)
(w2 — wg) &, =1k, op
0

Incompressibility yields

(@° — w?) D& =k op

0

and the eigenvaluation equation becomes

(@° —w?) (DD, — b*)&, = —k*

d 5 9 4((,_09 — wsz)
r%(ﬁ —wy) + —

X

.

For 2 = 0 the system is stable if By(r) = Bygy(ry1/r)PT
with pr > 1 (Chandrasekhar, p. 398).
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The high frequency oscillations have

U, = Ao cos(wat)u, () cos(k, z)

ug = Ay (5“9> cos(wat)u, () sin(k,2)

OU

with
oug 2(2 —q)
~ 4 .
Uy V22— q) + w3

The growing modes have

u, = Ay e, (x) cos(k,2)

0
ug = Aq e’ (&ZLZ) ur-(x) cos(k,z)
Sug 1 4+ w? 1 wa(2g — wi)V2(4 4 w?)
bup 2 M\ d—2¢r20h) 2 (4- 29+ 207%)%
1 Y1 4‘|‘w124 2
T = (upup) = =
\urtp) 2 Q) (4—2q—|—2w?4 (ur
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Nonlinear Transfer Terms

ou, uz Q%3 ,
o7 = (Lu)y —u- Vuy 4 =% — =% 4 jgb. — jbg
Oug Uy Up .
el (Lu)g —u - Vu, + . Jrbs + 7.b,
du, . .
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,LLOjT — _|_7'kzbz/r — ikaé’ er = —ugB, + u, By

0
:LLOjQ — ik?)b?“ — a_ b gg = —u,B, +u, B,
r

. 1 0 vk
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r Or r
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Amplitude Limits of £, = 0 Modes

Nonlinear Convection Limit

d d

YOV, = 0V, o 0vy = 0V, o 0vy,. Thus
vy = - ke |12 v
e Tl
y r¢)
5’Uz = k’_ = v VA

Nonlinear B-field

d d
= — B, —
v0 B, [(B+5Bz)dz + 0B, da:] OV,

v9B, = (Bk, + k- 0B)dv,
v6B, = (Bk, + k.0B, + k,0B,)dv,
k.

0B, < —B
S
[
0B, = T 0B, < B
v! kv
0B, = Y B, = —2 B
g Ky
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Shearing Limit for £,-Modes

High k, = m/r modes never reach nonlinear limit
due to phase mixing.

From viscosity v = u/p or resistivity n we have the
matrix system

du , 0>
= —zkyrQ’xquLqun@u.

Approximate Lu = vy;u where v is the linear growth
rate. Transform to the local frame by u = (exp —i k, Q2" xt)u(t).

Then T
d—? = (m1 —nk;Q%z%t°) u.
Take the minimum mode width 22 = w?, then growth

stops at
t, = (%/77 k§w29’2)1/2
and the maximum amplitude is

2
Umax = UQ €XP <§ ylt*) = ug exp(Sm) with

2
Sm =5/ (kg Q)2
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Turbulent Reaction on Mean Flows

Exact Balance Equation

0 1 0 0 0 r F,
Py (rug) + - (r*u,ug) + %(ug) + 5, (rugu,) = —7,

Mean Field Equation for Angular Momentum

Steady State Transport

2
parc A B Qo ,
Ar? B T or (r <ur>z
transport of Lgfrom turbulence s

source from inward flow
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Advantages of Spectral Codes

Fast calculation (NN log N) of nonlinear convolu-
tion terms

Accurate representation of small space scales
Diagonal, linear operators
Lends itself to parallel machine architecture

F90 code with distribution of uniform x; = r?/R? =
1Ax grid over processors and 2D FFT in each pro-
cessor for k,, k, turbulent modes.
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Couette-Taylor Flow Turbulence

Steady State Turbulent transport of specific angular mo-
mentum £ = Qa? from inner cylinder r = an = (2/3)b.

Input torque T' (dimensionless)

T
G = :
pv? L
Kolmogorov dissipation rate ¢
A 3
£ = (Av) :
14

At large scale Au = Q(b—a) and £ =b — a.
At small scale € = vk2.

Yields prediction for Torque versus 2

Ren = Qa(b—a)/v.
Lathrop, Fineberg and Swinney (1992) show
G x R with o <1.87.
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Tokamak Transport Equations

Particle Balance Equation

ag’f> n é, 8Z(v’ra) — </d3'UIa> (15)

Energy Balance Equation

o /3 1 0., 5
§<§pa>+78_\11 [V <Qa+§TaFa)]

ove 0(P1) N <

— _Ha A ara T aa.
o T ow

—<ea<§1 8;a> + 1 (VC)2§<manaR2>

+</d3vs (Ca+Da+Ia)> (16)

Toroidal Momentum Balance Equation

9, ) 1 9 ,
(o) i (xm)
— Z </d3v mav¢ (Da +Ia)> (17)
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Growth Ratio Between Parker
and B-H Instability

Parker growth ~p

v, < gkp
where g = c2(1+1/8)/vH and kp = (1 + 3~1)V/2/H.

Balbus-Hawley growth rate

r¢)
Vg < 9 W

where H™ 1 « kBH S Q/UA.

Ratio ,
k
R = 7213 %“gszl().
TBH Q)
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Protoplanetary Disk Plasma

e Gravitational Force from Central Mass M

GMZ _ GMZ

9= (r2 4 22)3/2 = 3

e Keplerian Shear ¢ = —r{)' /g = 3/2

Gives ratio profile

2 1\ 1/2
-glgkng@J¥~(1+—> .
YBH §

For M = My, T ~ 100K and 3> 1
1 when r ~ 100 AU

R ~
103 whenr ~1 AU
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