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Transport barrier dynamics
W. Horton and P. Zhu
Institute for Fusion Studies, The University of Texas, Austin, Texas 78712

~Received 27 January 2000; accepted 17 July 2000!

The properties of the internal transport barriers are developed using theory and radial transport
simulations that evolve local turbulent energy density with the temperature profiles. Standard ion
temperature gradient models for the nonlinear radial fluxes driven by drift wave turbulence and
stabilized by flow shear are implemented in a new high resolution multiple space–time transport
code. A dimensionless parameterization of the input power is introduced and shown to characterize
the bifurcation to an internal transport barrier. Examples of the interaction and feedback loops of the
turbulence with the transport profiles are given for transport barriers as in the Tokamak Fusion Test
Reactor@D. J. Groveet al. Nucl. Fusion25, 1167~1985!# and the Japan Atomic Energy Research
Institute Tokamak-60 Upgrade~JT-60U! @Ninomiyaet al., Phys. Fluids B4, 2070~1992!#. For the
JT-60U the high performance discharge E 27969, which reached an equivalentQDT of unity, is
modeled with an appropriate set of turbulent thermal, angular momentum and particle diffusivities.
The bifurcation analysis suggests a scaling law for the critical power for the onset of internal
transport barriers. ©2000 American Institute of Physics.@S1070-664X~00!00411-0#
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I. INTRODUCTION

The formation of significant internal transport barriers
the large (I .1 MA) tokamak confinement experiments is
fundamental importance to the science of plasma confi
ment and to the achievement of controlled fusion power. T
internal transport barrier~ITB! is now produced in all major
tokamaks.1,2 The strongest transport barriers are associa
with reversed magnetic shear andEr-shear while weaker bar
riers are associated primarily with one or the oth
mechanism.3,4 The transport barrier formation process a
pears to require a true bifurcation of the radial flux as
function of the driving gradients. Bifurcations are typical
driven-dissipative systems with a large number of interact
subcomponents.

In the steady state the injected particles, energy and
mentum flow through the tokamak system by the transp
processes with its many subcomponents and then
through the scrape-off layer~SOL! into the divertor chamber
Power and momentum flow into the system and drive up
gradients of the even-velocity fluid moments~density and
pressure! and the odd-velocity fluid moments~flow velocity
and thermal flux!, respectively. The drift wave turbulent en
ergy densityW(r ,t) responds in a complex manner on a fa
time scale. There are growth terms from the temperature
dients, damping terms from the current-driven magne
shear and the flow-drivenEr-shear; and there is the nonline
mode coupling transfer of turbulence energy to spectral
gions of strong wave damping along with wave propagati
In addition there are the transport processes due to the C
lomb collisions given by the neoclassical theory. Clear
there are multiple feedback and feedforward loops in
system. As the system parameters change, there wil
abrupt changes in the pathways taken by the flow of ene
and momentum through the subcomponents to the scrap
layer plasma connected to the divertor chamber and to
4531070-664X/2000/7(11)/4534/13/$17.00
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walls of the device. These changes are the bifurcations
have been traditionally studied in simpler settings such a
few coupled partial differential equations or their projecti
onto low-order ordinary differential equation systems.5–7

The simplest model of the bifurcation from the turbulen
and shear mass flow is described by Diamondet al.8 as the
predator–prey model with two ordinary differential equ
tions. How many degrees of freedom are required to desc
the system is unknown and, of course, depends on the l
of detail sought in the description. The Diamond group mo
els are developed in more detail in Lebedev and Diamo9

and Newmanet al.10

Local microscopic theories of plasma turbulence g
one bifurcation mechanism through a symmetry breaking
the temperature gradient driven convective vortices that
sults in the onset of shearedE3B flows.11 Computer simu-
lations of both fluid equations5–7,12show the Reynolds stres
driven onset of sheared flows. The energy conservation
the system13 works to show that the energy created in t
shear zonal flows shows up as the shear flow damping t
in the linear growth rate. Here we do not dwell on the
well-known aspects of the microscopic processes but ra
investigate the global transport properties associated with
bifurcations.

A challenging part of the transport barrier dynami
~TBD! problem is the necessity to describe the fast format
of steep radial gradients in the transport code. To meet
challenge we have developed a new high resolution trans
code called TBD for the CRAY T3E using message pass
interface~MPI! and FORTRAN 90~NERSC, 1998 Annual
Report, p. 88!. The code has been run with four thermod
namic transport fields with up toNx51000 radial grid points
and throughNt5106 time steps. The radial zones are distri
uted over the processing elements. The time advanceme
through the adaptive Runge–Kutta 5th–6th order init
value integrator known as DVERK.14 This integrator is
4 © 2000 American Institute of Physics

o AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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4535Phys. Plasmas, Vol. 7, No. 11, November 2000 Transport barrier dynamics
loaded into each processor to reduce message passin
tween the processors.

By using this high-order time integration, the fas
growing gradients over mesoscale lengths~the geometric
mean of the gyroradius scale and the mirror radiusa of the
system! produced by the bifurcations are accurately f
lowed.

In Sec. II we review the general structure of the transp
equations for toroidally rotating plasma. In Sec. III we gi
the equations used to compute the turbulent energy den
and theEr-shearing, and present several examples of tra
port barrier models. The simulation results of the transp
models are given and discussed in Sec. IV. In Sec. V
derive two scaling laws for the power required for ITB fo
mation. Finally, the conclusions are given in Sec. VI.

II. STRUCTURE OF THE TRANSPORT EQUATIONS

The general form of the coupled particle, thermal e
ergy, and toroidal momentum transport equations is deri
in Sugama and Horton.15 In axisymmetric systems, the mag
netic field B5I¹z1¹z3¹C and the toroidal rotation ve
locity Vt5RVz52RcdF/dC in magnetic flux coordinates
Here z is the toroidal angle,C represents the poloidal flux
I 5RBT , and the angular velocity of toroidal rotation is th
contravariant velocity componentVz5Vt /R, whereVt is the
linear toroidal velocity. The particle species is designated
the subscripta, and the surface fluid velocity isua5Vt

1ua1 with the toroidal velocityVt common to all species. In
the equations below, the flux surface average is defined

^F&5
1

V8
E

0

2p du

Bu F~C,u!, ~1!

where

V85E
0

2p du

Bu 5E
0

2p du

¹C•¹u3¹z
, ~2!

andu is the poloidal angle. The particle transport equation

]na

]t
1

1

V8

]

]C
~V8Ga!5Sa

in2sa
out, ~3!

and the thermal balance equation is

]

]t K S 3

2
pa1naeaF̃1D L 1

1

V8

]

]C FV8S qa1
5

2
TaGaD G

52Pa

]Vz

]C
2eaGa

]^F1&
]C

1^eanaua1•E~A!&

1K eana

]F̃1

]t
L 1

1

2
~Vz!2

]

]t
^manaR2&1Pa2pa

out,

~4!

wherepa5naTa is the pressure,qa is the surface average
radial heat flux,Pa is the surface-averaged radial flux
toroidal angular momentum andE(A)52]A/c]t is the in-
ductive electric field. The fluxesGa ,qa are the usual contra
variant components of the physical vectorsGa ,qa given by
Ga5^¹C•Ga&(.RBpG ra) and qa5^¹C•qa&.RBpqra in
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the small aspect ratio limit. The first order flow velocitiesua1

in Eq. ~3! are incompressible with the perpendicular comp
nents driven by

u'a15
c

eaB2 B3S 1

na
¹pa1ea¹F12ma~Vz!2R¹RD .

~5!

The term2eaGa]^F1&/]C on the right-hand side of Eq.~4!
contains an anomalous energy exchange due to the fluc
tion induced particle transportI a . It has been shown that thi
anomalous energy exchange rate term is independent o
first order radial electric field. WhenVt!Vi or r /R!1 the
terms associated withF̃1 in Eq. ~3! are ignorable since
eF/Ti5O@(r /R)(Vt /Vi)

2# whenVi5(Ti /mi)
1/2.

The angular momentum transport equation is o
simple when summed over all species

]

]t K S S (
a

manaDR2VzD L 1
1

V8

]

]C S V8(
a

PaD
5Tin2tout. ~6!

The torque input is

Tin5K (
a
E d3vmaRẑ•VCaL , ~7!

where Ca is the effective collision operator—d f a /dt de-
scribing the auxiliary input from external sources. The su
mation over species is used to cancel the exchange in
mentum between speciesa andb.

The transport system formed by Eqs.~3!–~7! is closed
by transport relations linking the radial fluxes and the rad
gradients. The transport coefficients are the summation
both ~neo!classical and turbulent contributions, while th
later is dominant for most cases. The turbulent transport
efficients depend on the turbulence level, which are de
mined by the turbulence evolution equation.15 The complete
system of transport equations for density, temperature, to
dal momentum, and turbulence amplitude, are further
duced to various transport model equations after proper
proximations. In the next section, we will discuss su
models that simulate the internal transport barriers in toro
confinement systems.

III. TRANSPORT MODELS FOR TRANSPORT
BARRIERS

A. Turbulent energy density evolution

The turbulence producing the anomalous transp
evolves according to the linear growth rateg l including the
effect of the sheared mass flows and the nonlinear satura
from mode coupling. The time scale for the balance betw
the growth and nonlinear saturation is very short compa
to transport time scaletL so thatg ltL;(LT /rs)

2;104. The
exception occurs at the points of marginal stability whe
g l;0. Two methods are available for dealing with these d
parate time scales. The first numerical method, called sub
cling, is to integrate numerically the equationdW/dt for the
turbulence between each time step of the whole set of tra
port equations. Here,W(r ,t) is the turbulence energy den
o AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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sity. This is a powerful, but computationally intensiv
method for dealing with the multitime scale problem of t
coupled evolution of the turbulence energy density, dens
temperature, and toroidal momentum profiles. The sec
method is to reduce theW(r ,t) equations sufficiently to al-
low analytic representations for their evolution between e
transport time step. This is the method we develop here
serving the subcycling method for a future work.

The time scale for the drift wave growth rate is tr
ditionally taken as LT /cs in the literature, where
LT52(d ln T/dr)21 andcs5(Te /mi)

1/2. For transport codes
with evolving profiles, however, a more straightforwa
choice isR/cs(Te

0) whereR is the fixed major radius of the
device andTe

0 is a reference electron temperature such a
keV. The ratio of the time scales is then

g05
tLcs

R
5S a

rs
D 2 a

R
, ~8!

where we usetL5a2/xgB with xgB5rs
2cs /a in obtaining

Eq. ~8!. HerexgB is the small scale gyro-Bohm drift wav
diffusivity. For a Bohm-L mode16,17 scalingtL5a2/xB with
xB5rscs the scaling ofg0 increases linearly witha/rs . The
growth rate for the ion temperature gradient~ITG! turbulence
with E3B flow is approximately

g l5
cs

R F R

LTi

2S R

LTi
D

c

20.3Ys
2G[

ĝ l

tL
g0 , ~9!

where theE3B shear flow parameterYs is given by

Ys5
R

cs

d ln F

d ln q
.

Ls

cs

dvE

dr
~10!

from Horton et al.18 Here Ls5qR/s with s5rq8/q is the
magnetic shear length. The effect ofYs on the transport is
explored in 3D simulations in Hamaguchi and Horton.12 The
growth, decay and propagation of the turbulenceW(r ,t) in
the transport time stepDt is divided into a first step of pure
growth and saturation given by

dW

dt
52g0@ ĝ l2ĝnlW#W ~11!

followed by a second step for the propagation with rad
group velocityvg5]v/]kx.0 and possibly a small radia
diffusivity mW from the wave dispersionmW5]2v/]kx

2

.uv* urs
2. Here, the timet is normalized bytL . Generally,

we takemW50 and most studies reported here also take
radial transport withvg50 for radial group velocity of the
drift waves. This is the condition appropriate to eigenmod
There is some evidence from the global three-dimensio
~3D! simulations thatvgÞ0 and so the allowance forvg and
mW is incorporated into the calculation ofW(r ,t), as shown
later in this section.

The form of the nonlinear restoring forceĝnlW
5^kx

2& W in Eq. ~11! is well known from turbulence theory
What remains unsettled is the complicated issue of the s
ing of the dimensionlesŝkx

2& with r* 5rs /a. For localized
turbulent eddieŝkx

2& is independent ofr* : however, for ra-
dially extended eddies and vortices^kx

2& scales approxi-
mately linearly with r* . There is direct evidence of th
Downloaded 03 Nov 2000  to 129.116.78.131.  Redistribution subject t
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radially-extended vortices and eddies in the global
simulations.16,19–21 The gyrofluid study of Garbet and
Waltz22 shows evidence for the extended eddies forR/LTi

close to (R/LTi
)c . Here we must make a choice: for simplic

ity and generality we choose theO(^kx
2rs

2&);1 scaling de-
scribing thers-scale eddies and vortices. The semianaly
method described here for propagatingW between transpor
time steps applies to both the Bohm~mesoscale eddies! and
the gyroBohm~microscale eddies! transport regimes.

By separating the variables of Eq.~11! we readily inte-
grate between the transport timest j to t j 11 with frozenval-
ues ofg l and gnl. The result of the analytic integration o
Eq. ~11! for W is that the update of the turbulence atxi ,t j to
xi ,t j 11 is given by

W~xi ,t j 11!5Ri
jW~xi ,t j !, ~12!

where

Ri
j5

G i
j exp~G i

j !

G i
j1G1i

j Wi
j~exp~G i

j !21!
, ~13!

where

G i
j5g0~ t j 112t j !g

l~u,u8,u9! ~14!

and

G1i
j 5g0~ t j 112t j !g

nl~u,u8,u9!. ~15!

Since the factorg0 is very large, the value ofRi
jWi

j reduces
to the nonlinear saturation levelG i

j /G1i
j 5g l /gnl>ĝ l /^kx

2& ex-
cept near the critical condition bifurcation regionsg l→0.
From Eq.~8! this condition occurs at the bifurcation whe
the shear flowYs

2-term builds up to balance the growth from
R/LTi

. For uG i
j u!1, R→1 and for G i

j!21 the turbulence
decays to an exponentially small value during the timet j 11

2t j . This rapid adjustments ofW, and thus ofx, between
the transport time steps provides the theoretical basis for
piecewise continuousx(u8) models in Eqs.~34! and ~37!.

With the algorithm in Eqs.~12!–~15! the turbulence in
the linearly stable domains decays to an exponentially sm
value. However, both the theory of radial convective wa
propagation and the observations of the 3D simulations sh
that there remains a significant turbulence in linearly sta
regions. To describe the radial propagationvg and possible
small diffusive transport of the turbulence we update theWi

j

with the finite difference formula forvg.0,

Wi
j 115

Wi
j1

vgDt

Dr
Wi 21

j 1
mWDt

~Dr!2 ~Wi 11
j 1Wi 21

j !

11
2mWDt

~Dr!2 1
vgDt

Dr

~16!

derived from the first-order upwind derivative for the co
vective transport ofW and the diffusive transport frommW in
the absence of growth and damping.

The algorithms~12! and~16! give fast, practical rules for
calculating the growth/decay and propagation of the tur
lence between each transport time stepDt5t j 112t j .
o AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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B. Mass flow dynamics

The surface flowsua(x,t) in tokamak are specified b
two alternative and equivalent sets of flux functions. T
most familiar set of flux functions arêBui& for the parallel
flow and

S Er2
1

eini

]pi

]r D Y RBp52
]F

]c
2

1

eini

]pi

]c
~17!

for the perpendicular floŵBu'a /RBp&. Herec is the po-
loidal flux function withdc5RBpdr' . Alternatively, there
are the geometrical representations of the flow given by
toroidal uTa and poloidalupa velocities with flux functions
given by

^Bpup&5^Bp•ua& and ^BTuT&5^BT•ua&. ~18!

The transformation between the two representations is g
by

^Bpup&5
^Bp

2&

^B2& F ^Bui&1 K BT

Bp
Bu'L G , ~19!

^B2&^RuT&

^RBT&
5^Bui&2~112q̂2!

^R2&^Bp
2&

^RBT&2 K BT

Bp
Bu'L ,

~20!

where

q̂25
1

2^Bp
2&

S ^BT
2&2

^RBT&2

^R2& D . ~21!

Now, Lorentz force equation for the flow velocity]u/]t
naturally breaks up into equations for the parallel flow v
locity and the toroidal flow changes on the transport ti
scale while the parallel flow changes more rapidly.

Here we briefly summarize the results of the lengt
calculations required to determine^uiB& andEr /RBp . The
complete balance equation is

mana

]ua

]t
5naeaS E1

1

c
ua3BD2¹pa2¹•pa1Fa1Ka ,

~22!

where Fa and Ka are the collisional friction force and th
turbulent force respectively. The summation of surface av
aged parallel flow equations gives

]

]t (a
nama^Buia&52(

a
^B"“"pa

neo&

2(
a

^B"“"pa
anom&. ~23!

Here pa
neo is the neoclassical stress tensor due to collisi

while pa
anom is the anomalous stress tensor due to turbule

~‘‘Reynold stress’’!. A simplified version of the surface av
eraged parallel component of the neoclassical stress te
pa

neo is given in Yushmanovet al.23 as
Downloaded 03 Nov 2000  to 129.116.78.131.  Redistribution subject t
e

e

n

-
e

r-

,
e

sor

(
a

^B"“"pa&>^B"“"pi& ,

53m i1^~ n̂"“B!2&

3S ^Bpuip&

^Bp
2&

1
m i2

m i1

^RBT&

^B2&

c

ei

dTi

dc D
53m i1

^~ n̂•¹B!2&

^B2&

3S ^Bui i&1 K BT

Bp
Bui'L

1
m i2

m i1
^RBT&

c

ei

dTi

dc D . ~24!

The functionm i1 is usually approximated as

m i1.
nimiRqvTi

n* i

~11n* i !~11e3/2n* i !
, ~25!

n* i5n iRq/e3/2vTi
, and the average-squared mirror force i

^~ n̂•“B!2&
B2 .

e2

2R2q2 . ~26!

With the above formulas the equation for the fast para
flow adjustment to track the transport time scale evolutio
of dTi /dr andu'B'Er is

]ui i

]t
52nnc

Bp

BT
S ui'1

Bp

BT
ui i1

m i2

m i1

c

eiBp

dTi

dr D
2

1

nimiB
(

a
^B"“"pa

anom&, ~27!

where

nnc>
3

2

qvTi
n* i

R~11n* i !~11e3/2n* i !

>
3

2

BT
2

Bp
2

e1/2n i

~11n* i !~11e3/2n* i !
. ~28!

The turbulent stress can be written as

1

nimiB
^B"“"pi

anom&5
1

B
^“•^ṽṽ&"B&.

]

]x
^ṽxṽ i& ~29!

a transport flux which has been analyzed in detail in Do
et al.24

To determine the radial electric fieldEr , one also needs
to know the profile of toroidal velocity. The toroidal momen
tum transport equation is given in Eq.~6!, where the viscos-
ity is dominated by turbulent contribution, i.e.,Pa.Pa

anom.
With the profiles of toroidal and parallel flow, theEr profile
can be obtained by the radial momentum balance equati

Er5uf iBu2uu iBf1
1

Zini

dpi

dr
, ~30!

where the poloidal flowuu i is obtained from parallel flowui i

by the incompressibility constraint. For plasma with lar
toroidal rotation, the radial electric fieldEr can be simply
determined by the toroidal velocity.
o AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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C. Model diffusivities

In the toroidal flux coordinate form withx5r25r 2/a2

the vector transport equations are of the form

]u

]t
52

]

]x
@xJ„u,u8,x,t !] 1PS~x,t !2SSOL~x,t !, ~31!

where

J52xx•
du

dx
.

The detailed physical form of Eq.~31! is given in Sec. IV.
Hereu, J, andS arend dimensional vectors andxx is a nd

3nd matrix. While the noncircular geometric paramete
like elongation have strong influence on the tokamak c
finement as shown for example in Batemanet al.,25 here we
focus on the nongeometric mechanisms of the transport
rier dynamics by considering equilibrium with circular ma
netic surfaces. In Eq.~31! we introduce the core localize
unit source functionS(x,t)5F(t)S(x) such that*0

xmaxdxS(x)
51. ThenP is the dimensionless constant determining
net injected power. The dimensionless powerP is related to
the dimensional auxiliary heating powerPaux in megawatt
through

P5
PauxtL

~2pR!~pr dp
2 !~ 3

2 n0T0!
, ~32!

whereT0 is the reference temperature andn0 the reference
density. Herer dp is the maximum deposition radius ofPaux.
Thus, Paux/(2pR)(pr dp

2 )n, is the heating rate per ion in
keV/s with typical high powered devices having the rate
30–100 KeV/s. For a plasma withtL.0.5 s andT051 keV
and 3n0/251020/m3 this gives the range ofP51 – 20 for the
dimensionlessP in Eq. ~32!. The auxiliary power increase
with the plasma volume. One may roughly take the value
P to be the power in megawatts for a JT-60U~Ref. 26! or
Joint European Torus~JET! size device.

To absorb the power transported past ther51 surface
we use a scrape-off layer~SOL! sink SSOL(x,t) localized to
1<r<&. The sinkSSOL(x,t) is such that all power emitted
from the core is absorbed by the SOL sink function. Ref
ence values for the width of SOL sink is fixed atDxSOL

50.3 while that of the source is taken as eitherDxp50.1.
The current version of TBD uses a strong scrape-off-la
~SOL! diffusivity from Connor et al.27 in the zone 1<r
<& which makes the results more realistic and avoids
somewhat sensitive choice of theSSOL function.

In the empirical description of different confineme
modes it has been useful to describe the thermal diffusi
by piecewise continuous functions. One fascinatingly co
plex example of a transport simulation that requires multi
steps in the electron diffusivity is the Rijnhvizen Tokam
Project ~RTP! ~Ref. 28! tokamak (I p5150 kA,BT

52.5 T,R/a50.72 m/0.164 m! with electron cyclotron heat
ing ~ECH! that is well localized~deposition profile width
Drdep>0.1!. The electron temperature profile is accurate
measured with a 20-channel electron cyclotron emiss
Downloaded 03 Nov 2000  to 129.116.78.131.  Redistribution subject t
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~ECE! radiometer and an 80-channel soft x-ray~SXR! to-
mography system. There is also a double-pulse Thom
scattering diagnostic system that gives space–time resolu
of 3 mm~the space resolutionDr res.Drdep/5.0.02! and the
time resolutionDt res50.8 ms. The electron temperature pr
file shows a series of up to five flat annuli separated by f
transport barrier regions. The space–time evolution
Te(r ,t) is reproduced by choosing a notchedxe(q(r ,t))
5xL profile with a base level of;10 m2/s between the in-
teger and half-integer values ofq and barrier set of low val-
ues xe5xH&1 m2/s around the integral and half-integr
values ofq. The widthDrH of the low values ofxe is also
adjusted. We do not attempt here to model these experim
in detail; however, we note that the drift wave map transp
model29,30 yields electron diffusivities that are sharp fun
tions of the electron-wave phase relationship which chan
at the rational surfaces. Thus, there are fundamental the
ical models that support the use of abrupt changes in
diffusivity on the transport space scale.

In view of the large number ofe-foldings from the linear
growth rateg l($u%) during the transport time scaletL , it is
common to consider reduced, Markovian models of the n
linear fluxesJ as local functions of the driving gradient
u8(x,t)[¹xu(x,t) and u(x,t). While this time-local rela-
tionship betweenJ and u8 misses the details of the micro
scopic bifurcations dynamics11 surrounding the critical
points, the local relation captures the essential feature of
multivaluedness of the possible gradientsu8 for a given ra-
dial flux J. A parameterization of the nonlinear diffusivit
that includes the models of Hinton and Staebler31,32and other
models found in the literature is

x5xnl~W!1xneo,
~33!

xnl5
xL

11~u8/uc8!n ,

with the parametersn anduc8 specifying the particular model
Here xL@xneo, wherexL is the L-mode turbulent therma
diffusivity andxneo is the neoclassical diffusivity. The turbu
lence determines the L-mode~low confinement mode! diffu-
sivity in the limit of weakEr-shear. The mechanism for th
nonlinearxnl(W) is expressed in Eq.~33! by the strength of
the density gradient (u18) or the temperature gradient (u28)
creating a shearedE3B flow in the plasma. The reduction
occurs foruu8u.uc8 and the sharpness of the transition b
tweenxL andxneo increases withn. The casen52 is based
on the x-reduction from shear flows as given in Shain
et al.33 The Biglari–Terry–Diamond34 work gives n52/3,
but later Carreraset al.6 change to then52 exponent. Zhang
and Mahajan35 obtain a strong suppression function whic
can be modeled withn54.

While n52 can give a bifurcation, we find that then
52 exponent gives too weak a dependence forx(u8) to
reproduce the relatively strong temperature profile effe
observed in the experiments. A model withn54, however,
produces a stronger transition closer to the experiments.
motivation for then54 model is given by nonlinear form o
the turbulent x(LsvE8 /cs) in Fig. 7 of Hamaguchi and
Horton12 which shows a flatx(LsvE8 /cs) at smallvE-shear
o AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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flow with a rapid drop-off of the diffusivity atLsvE8 /cs.2.
Formula ~33! with n54 is taken as our reference mod
since it gives a strong enough change of slope in the t
perature profile to model the transport experiments with t
I barriers. The origin of the stronger nonlinearx(u8) depen-
dence is also understood from thex5x0W(r ,t) dependence
on the turbulence levelW with W→Wnl(u8) being a strong
function of u8/uc8 through the growth rate. HereW(r ,t) is
the low-frequency drift wave turbulent energy density in t
plasma.18

An idealized model found useful in the simulations d
veloped here is based on the evolution of the turbulenceW
which has a very sharp variation withu8 due to the expo-
nential dependence ofW on g l(u8)tL . This exponential de-
pendence is modeled by

x5F xL for 2u8,uc8

xH for 2u8.uc8
~34!

as discussed in Sec. III. Here we have takenuc8 as positive.
In this model the smoothing ofW(r ), and thusx, due to the
finite radial correlation lengthlc and radial wave propaga
tion is neglected. As a result the jumps in2du/dx at r ITB

are stronger than for the more complete model given in S
III with radial propagation of the turbulence. We find, how
ever, that the density and temperature profiles appear co
tent with those reported in Koideet al.1 and Levintonet al.36

Now we discuss the properties of these models. We be
the use of the piecewise continuousx formulas in Eq.~34! in
1997 before learning of their successful use in modeling
RTP tokamak temperature profiles.28 We were also moti-
vated by the guiding center test particle transport propert

A fundamental process by which the model in Eq.~34! is
suggested is from the test particle simulations. For low c
lision frequency the invariant KAM surfaces begin to emer
and produce dramatic jumps in the test particle guiding c
ter diffusivities.29,30,37

IV. SIMULATION RESULTS OF TRANSPORT MODELS

A. Performance with the linear flux-gradient
transport model

The linear flux-gradient relation ofJ/(2du/dx)5D
5constant gives the stored energyWs}P, and thus the con-
finement timetE5Ws /P, is independent ofP and given by
tE>0.55tL /xx50.14a2/x r , where we usexx54x r@a2/tL#
due to the factor of four that occurs from the transformat
dx52rdr /a2 in the transport equation. Herex r is the usual
dimensional diffusivity inm2/s, for example, andxx is the
dimensionless diffusivity.

TABLE I. Transport models.

Case x-model Pcrit H Figures Run

A Eq. ~34! switch 15 1.13 1~a!–1~d! 796z
B Eq. ~33! n54 ;7 1.7 2~a!–2~d! 796m2
C Eq. ~33! n52 continuous 1.2 3~a!–3~f! 796q
D type-II barrier

Eq. ~38!
&10 1.5 4~a!–4~g! 784b
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For the linear flux-gradient model the shape of t
steady stateu(x) varies approximately such that the max
mum gradientumax8 varies as

2umax8 .0.65P/xxDxp , ~35!

and the core temperature increasing as

u~0!>0.6P/xxADxp, ~36!

whereDxp is the width of the power deposition profile i
r 2/a2. Thus, for sufficiently largeP/Dxp the critical gradient
uc8 is exceeded~in the linear flux model! for the onset of the
multivalued u85u8(J) relation. For nonlinear~anomalous!
diffusivities, however, the increase of the gradient2u8 with
P may be much slower, such asP1/2, and the bifurcation
condition is more difficult to determine.

B. Nonlinear flux-gradient transport

We present four cases, A–D, of transport barriers w
increasing complexity. Table 1 summarizes the cases
gives the H-factors for the highestP value,P520. For each
model we focus on the evolution of ion temperature transp
equation~i.e., u(r,t)5(0,0,u3(r,t),0)5(0,0,Ti(r,t),0)! and
apply the dimensionless powerP51, 5, 10, and 20. Some
models show a clear critical powerPcrit and others show a
continuous improvement in confinement.

Case A: Figure 1~a! shows theu3-profiles reached afte
six tL-times for the four~dimensionless! power levels ofP
51, 5, 10, and 20 using the simple switch rule in Eq.~34!
with xL51 andxH50.5 anduc8530. Subsequently, in Case
B and C, we compare these results with those for the c
tinuous nonlinear model in Eq.~33! for both n52 and n
54 models. For theP520 curve, the break in the slope o
u(x) is just visible in Fig. 1~a! at r.0.5.

On the next page in Fig. 1~b! the evolution of the energy
confinement timetE5Ws /P for different input power is
shown. The effect of the bifurcation for the highe
(P520) case is a modestt ITB /t050.44/0.3951.33
H-factor. This transition is not as strong as that observed
the typical measured temperature profiles.

The bifurcations show up much more clearly
Fig. 1~c!, showing the radial fluxJ vs the value of2du/dx
and in Fig. 1~d! showing the radial profiles of2du/dx.
Here, it is clear that the highest power levelP520 is
sufficient to create slopes above that required for the bi
cation fromxL to xH while the three lower powers levels ar
below the critical power. The critical power is approximate
Pcrit50.4uc8 in this model@with P given by Eq.~32!#.

The rapid change in the gradient2u8 is shown in
Fig. 1~d! for the barrier regionr.0.55 and is well resolved
in both space and time by the simulation. The radial spac
is Dr5Dx/2r.1022 in the region of the barrier and th
average adaptive time step isDt>1023tL during the evolu-
tion.

Case B: Now, we repeat this simulation with the con
tinuous nonlinear diffusivity in Eq.~33!. First, for n54 and
uc8540, andxL51 we add the low level of background flu
with xH50.5 so that the net flux is

J52xnl~u8!u82xHu8. ~37!
o AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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FIG. 1. ~a! The final state profiles of
u3(r,t) at t56tL produced by the
piecewise discontinuousx(u8) model
in Eq. ~34! with xL51, xH50.5, and
uc8530 ~Case A! for dimensionless
powers P51,5,10,20, where the one
with the highest power level exceed
the critical gradientr.0.55. ~b! The
evolution of energy confinement time
of u3 for dimensionless powers
P51,5,10,20 in Case A. The confine
ment timestE showing the enhance-
ment factors forP520 where a bifur-
cation occurs from the base leve
L-mode confinement. The transpo
barrier formed forP520 has the con-
finement time improved by the
H-factors ofH51.16. ~c! The nonlin-
ear flux J vs the gradient2u8 for all
four power levels in Case A. The high
est power level produces a gradien
above the critical gradient with a hys
teresis loop. ~d! Evolution of the
gradients for four power levels
P51,5,10,20 used in~a!, with curves
of two time slices for each power cas
at t53tL and t56tL in case A. For
P520 case the gradient2u8(r,t)
profile showing clearly the transpor
barriers formed whereu8 exceeds the
critical gradientuc8530 atr ITB50.56.
le
iat
rr

he

The J(u8) function isS-shaped with the standard two stab
fixed points at low and high gradients and the intermed
unstable fixed point at a moderate gradient. The plots co
sponding to Figs. 1~a!–1~d! are shown in Figs. 2~a!–2~d!.
Downloaded 03 Nov 2000  to 129.116.78.131.  Redistribution subject t
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Figure 2~a! shows the evolution of theu3 profiles and
Fig. 2~b! the energy confinement time. The results for t
n54 model show a clear transport barrier formation atP
510 ~the ITB position r ITB50.45! and P520(r ITB
t

FIG. 2. ~a! The final state profiles of
u3(r,t) at t56tL for n54, uc8540
~Case B! with the xL with dimension-
less powersP5(1,5,10,20). The two
highest power levels produce ITBs a
r50.44 for P510 and r50.65 for
P520. ~b! The evolution of energy
confinement time ofu3 for dimension-
less powersP51,5,10,20 in Case B.
Confinement times showingt(P51)
5t(P55).0.55 and t(P510)
50.6551.18t(P51) and t(P520)
50.951.64t(P51). ~c! The nonlin-
ear fluxJ vs the gradient2du/dx for
all four power levels in Case B.~d!
The gradient2u8(r,t) for all power
levels, with curves of two time slices
for each power case att53tL and
t56tL in Case B.
o AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.



t

4541Phys. Plasmas, Vol. 7, No. 11, November 2000 Transport barrier dynamics
FIG. 3. ~a! The final state profiles ofu3(r,t) at t56tL for n52, uc8540 with thexL ~Case C!. HereP5(1,5,10,20).~b! The evolution of energy confinemen
time of u3 for dimensionless powersP51,5,10,20 in Case C. OnlyP520 case has a confinement improvement. The enhancement factor isH>0.69/0.56
51.2. ~c! The nonlinear fluxJ vs the gradient2du/dx for all four power levels in Case C.~d! The gradient2u8(r,t) for all power levels, with curves of
two time slices for each power case att53tL andt56tL in Case C.~e! The model ITG growth rate computed fromu3 profile for P510 in Case C.~f! The
turbulent energy densityW(r ,t) computed from gradient profile in Case C~e! with vg5mW50.
t

-
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50.65). The H-factor isH.0.90/0.5351.7 similar to many
experiments. The flux versus gradient relation in Fig. 2~c!
shows the phase transition characteristic of constantj for
2u8 in the range 25–60. For the highest power theH.1.7
as shown in Fig. 2~b!. The model shows clear bifurcation a
Pcrit.7 with P510 havingr ITB.0.45 andP520 having
r ITB.0.65 in Fig. 2~d!.

Case C: Now in Figs. 3~a!–3~f! the corresponding quan
tities for the n52 model are shown. For this model, th
improved confinement occurs only for the highest pow
Downloaded 03 Nov 2000  to 129.116.78.131.  Redistribution subject t
r,

P520, value. The profiles show a more continuous cha
without a clear bifurcation point. The effect on the ener
confinement time is weak. Thus, we conclude that the str
ger nonlinear switching of then54 model and the piecewis
discontinuousx-models are more representative of the e
periments than then52 model.

Figure 3~a! shows the saturation of theu3 profiles for
P51,5,10,20 at the timetn56tL . For this model there is no
well-defined threshold power for the transport barrier. F
the highest power levelP520 there is a substantial increas
o AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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in the gradient betweenr50.7 andr50.4 by a factor of
approximately 5 as shown in Fig. 3~d!. The highest power
level also has a clear H-factor as shown in Fig. 3~b! of
H50.69/0.5651.2 for the t(P520)/t(P510) discharge
simulations. Figure 3~c! for the flux vs the gradient shows
nonlinear shape but no clear phase transition comparab
that shown in Fig. 2~c! for the n54 model.

Figure 3~e! shows the growth rate computed from th
logarithmic gradient of theu3(r,t) profile in Case C.
Clearly, the growth rate steps up beyondr>1.1. There we
see at least three phases of the turbulence. A low-base
in the core, 2–3 times the base level in the reg
r50.2– 0.7 and then an abrupt increase fromr50.7 to a
maximum atr51.1 in the SOL. Echoing the discussion
Sec. II A of the turbulent energy densityW(r,t) we show in
Fig. 3~f! the associated turbulent energy densityW(r,t) in
this case.

Finally, we summarize that these first three casesA,B,C
show the continuous type transition and the bifurcation ty
transition to the type I transport barrier. However, the
models seem inadequate for modeling the type II trans
barriers, an example of which is given in Ishidaet al.4 To
obtain the type II barriers we introduce threex-level
formulas.

C. Type-II transport barriers

To obtain steady-state profiles with flat cores and v
steep and localized gradients separating the core from
edge plasma we require that

x5H x0 for r,r0

xH for r0,r,r ITB

xL for r.r ITBp.

~38!

This example is labeledCase D. Recent particle simulation
by Kishimoto et al.38 strongly support the discontinuit
model for internal transport barrier formation in revers
magnetic shear region. Simulations not shown w
xH5 1

2x05 1
2xL do not produce results qualitatively differe

from those shown in Fig. 3. Thus, we are led to conside
high core diffusivity x05xL@xH . The large value of the
required corex0 suggests that a qualitatively different tran
port mechanism operates in the core. Koideet al.39 state that
the flat temperature profiles near the axis, as in shot E27
and other type-II discharges are not due to the hollow po
deposition but to the degradation of transport in the co
Candidates for the high core diffusivityx0 would be a small
scale magnetic stochasticity or a Bohm diffusivity perha
from exceeding the low-n kinetic stability threshold. Within
the framework of this simple model the valuesx0510,
xH50.5, andxL55.0 give a reasonable representation of
type-II profiles. The results for this Case D simulation a
shown in Figs. 4~a!–4~g!.

Figure 4~a! shows the final state profiles for the mod
with a power ramp inP(t). Figure 4~b! shows the evolution
of the time dependent energy confinement timestE(t)
5E(t)/P(t) for P(t)5PF(t)5(1,5,15,20)* F(t), where the
power ramp functionF(t) is shown on the right axis. Ther
is a bifurcation betweenP55 and P515 which is clearly
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shown in both Figs. 4~a! and 4~b!. Above the bifurcation
both P515 andP520 have an H-factor at the end of th
high power phase ofH50.88/0.6051.5.

Figure 4~d! shows the profiles of the gradients with tw
high gradient regions. In Fig. 4~e! the time traces are the
ion temperature at evenly-spaced positions inxi5r i

2 with
Dx50.2 andxi50 to 2.0. The gap that opens between t
temperature atx50.4 andx50.6 is the typical experimenta
signature of a transport barrier.

Figure 4~f! shows the growth rate computed fro
Eq. ~9! and Fig. 4~g! shows the turbulent energy densi
W(r,t) computed from Eq.~12! for Case D for the type-II
transport barrier. We see that the turbulence level in the s
gradient regions is suppressed more than in Case C show
Fig. 3~f!.

The three-zone transport model ofx given in Eq.~38!
with the choices ofxcore510,x ITB50.5 andxedge55 and the
Pi520(&20 MW) andPe510(&10 MW) in the dimension-
less units producesTi andTe profiles that are similar to thos
of the E27969 shot and E27302 shot in JT-60U. Here we
the same model for the transport coefficientx to bothTe and
Ti channels, i.e., lettingu5(u1 ,u2 ,u3,0)5(ne ,Te ,Ti ,0),
while applying different powers for each by specifyingPS
5(Se ,Pe ,Pi ,0)F(t)S(x). Figure 5 shows the results for thi
simple simulation model for shot E27969 in JT-60U. Bo
these experiments haveTi(0)/Te(0);2, as opposed to a
temperature ratio of 3 in the type-I discharges, and the
core temperature profiles. Other continuous model comb
tions of x’s were tried but the conclusion so far is that w
need the large corex and the sharp drop inx in the ITB layer
to account for the measured ion and electron tempera
profiles.

More modeling using the ideas of large ion orb
effects37 and or reversed magnetic shear effects onx will be
required to narrow the range of mechanisms responsible
type-II transport barriers. The global simulations of Kish
moto et al.20,40 suggest that anE3B type of leaky
Kolmogorov–Arnold–Moser~KAM ! convective flow barrier
is set up at theqmin-surface. This idea for the mechanism
establishing the reducedx at theqmin surface is fully sup-
ported by test particle simulations.29,30 In contrast, the com-
prehensive 3D turbulence gyrokinetic simulations of Syd
et al.21 indicate that such anE3B barrier is a short-lived
transient. In the fully developed turbulent state the Syd
et al.21 reversed shear simulations show only weak chan
in the transport perhaps consistent with ax0;xL510x ITB

model. Thus, magnetic stochasticity or electromagnetic
bulence in the core plasma may be required to explain
type-II barriers.

Experimentally the electron transport barrier appears
be controlled by the magnetic shear reversal.4 The reason for
the strong dependence of electron transport on theq-profile
is mostly easily understood from the test partic
simulations.41 The electron guiding center follows the ma
netic field line with such a high speed (;vTe) that the influ-
ence ofEr-shear is weak. The electrons are also sensitive
the small scalec/vpe and short time scale (LTeR)1/2/vTe

turbulence. Thus, the test particle simulations with rever
shear and high speed particles30 show suppression of the
o AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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FIG. 4. ~a! The final state profiles of
u3(r,t) at t53tL for xL55, xm50.5
and xH51.0, r050.71, r ITB50.77
~Case D! with P5(1,5,15,20).~b! The
evolution of energy confinement time
of u3 for dimensionless powersP
51,5,15,20 in Case D, together with
the power ramping profile, showing
the maximum H-factor shortly after
the turn-down of the power withH
>0.88/0.6051.5. ~c! The nonlinear
flux J vs the gradient2du/dx for all
four power levels in Case D.~d! The
gradient2u8(r,t) for all power lev-
els, with curves of two time slices for
each power case att51tL and
t53tL in Case D.~e! The time traces
of the ion temperature at evenly
spacedx5r2 positions from plasma
center to edge in Case D. The ITB ga
opens and then closes with the pow
ramping up and down on the right sid
scale.~f! The model ITG growth rate
computed fromu3 profile for P515
in Case D.~g! The turbulent energy
densityW(r ,t) computed from gradi-
ent profile in Case D~e! with vg

5mW50.
.
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transport across theq-reversal layer by a factor of 1/5–1/10
Thus transport suppression is modelled here by dropping
1/10 the core value ofx.

V. SCALING LAWS FOR THE ITB FORMATION

The simulations of the transport barriers in Secs. IV s
gest the following derivation of the characteristic scali
laws. The condition for the formation of an internal transp
Downloaded 03 Nov 2000  to 129.116.78.131.  Redistribution subject t
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barrier depends on~1! the deposited powerPaux and the
characteristic deposition radiusr dp inside of which the bulk
of the heating power is deposited,~2! the magnetic shea
profile, and~3! the confinement law of the pre-existing tu
bulent plasma confinementxL . In addition, a clear critical
powerPaux is found only if the transport suppression mod
is sufficiently strong, as for example, for then54 model.

Keeping in mind these caveats, it is still instructive
o AIP copyright, see http://ojps.aip.org/pop/popcpyrts.html.
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make the balances required to find the critical power requ
to create the gradients andEr-shearing required to form a
transport barrier. First we consider the case of the Bohm-t
confinement and then the gyro-Bohm confinement.

The Bohm-type confinement is expected theoretically
large machines (1/r* .100) when theEr-shearing is low
Ys!1 and theq-profile is monotonic. We take the simpl
form of the Taroni–Bohm diffusivity

x5x0

Te

B

a

Ti

dTi

dr
~39!

with x05331024q2 which is the baseline transport formu
for the JET.16,17 Here theq-scaling ofx is disregarded, and
we leave off the negative sign ondTi /dr in Eq. ~39! and in
the following equations. Power balance in the ion chan
requires

Snx
dTi

dr
5Paux, ~40!

whereS is the surface area just outside the deposition rad
of the heating powerPaux for the ion power flow channel
The result of~39! and~40! is that the ion temperature grad
ent increases as

dTi

dr
5S PauxB

x0naSt D 1/2

, ~41!

wheret5Te /Ti.constant.
Now we use the gradient formula~41! to determine the

scaling of the dimensionless shearing parameterYs . We take
the condition for the onset of the transport barrier to
Ys.Yc . We then find that the scaling of the thresho
power for the ITB formation is

Paux
c 5

x0Yc
2nBa4Te

Rmi
f S r dp

a
,

s

qD , ~42!

where the order unity functionf, varies roughly as
f 5(s2/q21c1)(r dp /a)2. The dependence of the functio
f needs further numerical exploration. More detailed si
ulation will be required to determine thef-function. For
R/a53 m/1 m, B54 T, Te510 keV, x0Yc

251023, formula

FIG. 5. The final state profiles obtained for the three-step diffusivity mo
chosen with appropriate diffusivities for the type-II internal transport bar
in the JT-60U deuterium experiment with an equivalent-fusion poweQ
near unity.
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~42! gives about 10 MW. Note that 1 T51 V s/m2. Dimen-
sional analysis then gives the generalization of Eq.~41! to

Paux
c 5eBna3cs

2F~m!x0Yc
2,

wherena3 is the number of particles in the system,

eBcs
251.5331028B~T!Te~KeV!/Ai @W#

~here Ai is the atomic mass of the working gas and@W#
5watts for the units of the equation!, x0Yc

2;1024, and
F(m) is a dimensionless order unity function of the syste
parameter$m%.

The scaling formula~42! for the critical power is already
interesting in that it shares some properties with empiri
scaling law for the L to H transition critical power which i

PH
emp50.04nBSa , ~43!

whereSa is the surface area atr 5a. C-Mod, for example,
finds formula~43! derived originally in ASDEX-U applies
but with the lower numerical coefficient of 0.02.42 Machines
with reversed magnetic shear have achieved the trans
barrier with lower critical power which is presumably co
sistent with lower value off (s/q→0). Finally, in the case of
strongly rotating plasmas such as DIII-D and JET there m
also be an additional toroidal velocity dependence off not
developed here.

For the pre-existing turbulent transport in the gyr
Bohm state the scaling law for formation of the barrier
rather different. Usingx5xgB(r i /LTi)(Te /B) in Eq. ~40!
leads to the increase of the ion temperature gradient give

dTi

dr
5S a

rs
D 1/2S PauxB

xgBnaSt1/2D 1/2

, ~44!

wherexgB.0.3 andTe is taken as approximately constan
Combining Eq.~44! with the critical shearing condition

Y.Yc yields the ITB power scaling law

Paux
c,gB5

nSa2

R

csTe

R
f gBS r dp

a
,

s

qD . ~45!

This scaling law is markedly different from the empiric
scaling for the H-mode critical power in Eq.~43!. Scaling
laws for the ITB barrier formation are not known at this tim
so that both formulas~42! and ~45! are still candidates for
predicting the observed threshold scaling. To the extent
the internal barrier is similar to the L to H transition, th
similarity of the Taroni–Bohm-based critical power scalin
law in Eq. ~43! with the empirical scaling law~43! adds
evidence to the conclusion that the pre-existing plasma c
finement is a Bohm-type confinement state. Working out
numerical values in the derivation leads to power levels
between 10–20 MW as shown earlier for JT-60U discha
17110 in some detail.18

In both Eqs.~42! and~43! we leaveTe as a parameter to
be taken from the experiments. For a complete descriptio
scaling we must use the electron power balance channel
xe . However, for the neutral beam injection~NBI! driven
plasmasTe is weakly varying with the system parameter
thus adding the complication of electron power balance w
xe andPaux

e seems unwarranted at this stage of the analy

l
r
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VI. CONCLUSIONS

New simulations for the transport barrier dynamics a
presented using the code TBD~transport barrier dynamics!
developed for high resolution of the sharp radial gradie
and the fast time dynamics that occur in the radial transp
with bifurcations. The TBD code is in F90 with MPI instruc
tions for parallel machines~Cray T3E!. The code has bee
tested with a variety of nonlinear transport fluxesj (u,u8).
The speed-up in wallclock time with increasing number
processing elements is shown in Fig. 6~a! for nx5200 radial
grid points and in Fig. 6~b! for 103 radial grid points.

We define a new, dimensionless parameterP in Eq. ~32!
that characterizes the excess of the power injected over
required for the usual L-mode plasma confinement. We t
show the confinement achieved for a number of differ
transport models withP increasing from unity to twenty
Barriers can be weak with no well-defined thresho
~n52 model! or sharp with a well-defined critical powe
Paux

c ~n54 and and Case D!. The n54 shear flow suppres
sion formula appears to agree better with turbulen
simulation12 and the experimental profile1–4 features of an
ITB.

Typically only a limited radial range of plasma is in th
improved confinement mode. As the power increases ab
the critical powerPaux

c the improved confinement zone e

FIG. 6. The change of wallclock time as the number of processor elem
increases when the number of radial grid points~a! nx5200, ~b! nx

51000.
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pands radially as described in the tokamak experiments
in the theory of Lebedev and Diamond.9

We argue that test particle transport simulations all
the introduction of sharp changes in the thermal diffusiv
due to the presence of partially broken Kolmogorov
Arnold–Moser~KAM ! surfaces in the guiding center pha
space. Thus, we introduce simple models with jumps in
value of the diffusivity across these KAM barrier zones a
are then able to reproduce the temperature profiles of
type-II transport barriers found in JT-60U.

In Sec. V we develop the critical power scaling law im
plied by the transport barrier dynamics found in the simu
tions and compare with the empirical scaling laws. The
ample shown in Fig. 2~d! clearly shows the birth of the ITB
in the inner zone (r.0.4) at the critical power and the sub
sequent outward radial motion of the footpoint with increa
ing values of the dimensionless power parameter. In the
ample shown the final footpoint increases fro
r50.45 to r50.70 in the ratio of the square root of th
dimensionless powers~P510 andP520!. The two profiles
are at 3tL and 6tL after thePaux is turned on.

Recent experiments in the JET~Ref. 43! with lower hy-
brid heating and current drive produce reversed shear
charges with reduced power thresholds for the formation o
transport barrier. Thus, as indicated by formulas~42! and
~45! there is still a range of values for the threshold pow
depending on the magnetic shear configuration, deposi
radius, and other parameters. We are in the process of m
ing more discharge-specific simulations with detailed tra
port models to test the predictive power of the
simulations.44
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