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Scopeof this work

Final defense,May 2, 2006 2

n Understandingbasicphysicalpropertiesof sheared�o ws,vorticesanddrift
wavesin stronglymagnetizedplasmasthroughtheory, simulationsand
experimentaldata.

n Designanduseof anew probethatcandirectlymeasureplasmaE � B
vorticity, akey physicalquantitythatis ubiquitousin plasmaequations.

n Useof Chebyshev-taupseudo-spectraltechniquescommonlyappliedin the
simulationof �uid turbulence.

n Characterizepotential,densityandtemperature�uctuationsin theLarge
PlasmaDevice (LaPD)andtheHelimak.
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n Theoreticalanalysisandcomparisonwith experimentaldatain fusiondevices
is dif�cult, dueto:

u Complex magnetic�eld geometries.
u Limited accessof diagnosticto probetheplasma.
u Severalphysicalphenomenatakingplaceatonce.

n University-scaleexperimentsoffer simplerplasmacon�gurationsandbetter
diagnosticsfor thestudyof basicplasmaphenomena.

n TheHelimakandtheLargePlasmaDevice (LaPD)areidealdevicesfor the
studyof basicplasmainstabilitiesandtheassociatedturbulence.Among
themaretheKelvin-Helmholtzinstability (sheared�o ws), the
Rayleigh-Taylor instability (magneticcurvature,fastrotation), Drift Wave
instability (densitygradient,temperaturegradient).

n Chebyshev-taupseudo-spectralmethodswidely known in �uid turbulenceare
notcommonlyusedin plasmatheory.
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n Review of plasmaequationsfor thenonlineartwo-�uid descriptionof basic
plasmainstabilities.

n Relevanceof vorticity in plasmadynamicsandtheVorticity Probe(VP).

n Kelvin-Helmholtzturbulencevorticity datain theLaPD.

n Linearstabilityandcomparisonto experimentaldata.

n Fourier-Chebyshev-taumethodfor nonlinearsimulations.

n Nonlinearsimulationsof coherentstructuresin theLaPD.

n Conclusions.
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Two-�uid description
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n Wedescribetheplasmawithin theframework of two-�uid theory:

n�
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v � = �r p� + e� n� (E + v � � B ) + R �
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n Perpendiculardrifts givescross�eld currents:
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(Polar ization )

j D =
B � r p

B 2 (D iamagnetic)

n Paralleldynamicsis givenby Ohm's Law:

r kpe

ne
+ Ek = � j k



Nonlinear reducedmodels
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n Quasineutralitydeterminesvorticity dynamics:

@
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r 2
? ' +

�
'; r 2

? '
�

+ 2j D � r ln B =
B

mi n
r kj k

n Continuityequation:
@
@t

n + ['; n] =
1
e

r kj k

n Ohm'sLaw:

r kj k

ne
= Dkr 2

k

�
~n
n

�
e'
Te

�
Dk =

Te

me� ei

n TheabovearetheHasegawa-Wakataniequationsmodi�ed to include
magnetic�eld curvature/gradient.



Nonlinear basicplasmainstabilities
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Simplerreducedequationsareobtainedin thefollowing limits:

n Kelvin-HelmholtzInstability (KHI):

r kj k = 0 andr B = 0:

n Drift waveadiabaticlimit (D k ! 1 ):

~n=n = e~'=T e

givesriseto Hasegawa-Mimaequationfor drift waves.

n Rayleigh-Taylor Instability (RTI):

r B 6= 0



Relevanceof vorticity in plasmadynamics
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n Nonlinearmodel:

@
@t

r 2
? ' +

�
'; r 2

? '
�

+ 2j D � r ln B =
B

mi n
r kj k

@
@t

n + ['; n] =
1
e

r kj k

n E � B �o ws from plasmapotentialE = �r '

vE = �
r ' � B

B 2 =
ez � r '

B
= ez � r  

n Streamfunction (x; t) =
' (x ; t)

B
.

n Plasmavorticity: ! = b̂ � r � v =
1
B

r 2
? ' = r 2

?  .

n Reducednonlinearmodelshave thestructure:

@
@t

! + r � (! vE ) = S! (1)



Coherent Structur esin Plasmas
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n CoherentStructuresariseaslocalizedsolutionsof
thenonlinearplasmaequations.

n In generalCoherentStructurescontainapprecia-
bleenergy andlive longerthantypicalbackground
�uctuations.

n They arecharacterizedfor having high valuesof
vorticity.

n They play animportantrole in transportprocesses
in plasmas.



Vorticity probemotivation and design
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n A commonfeaturein all reducedmodelsis:
d
dt

!

n Finitedifferencesapproximation:

! =
1
B

r 2
? ' =

1
B

' 2 + ' 3 + ' 5 + ' 6 � 4' 7

� 2 + O(� 2)



Useof VP in the Lar gePlasmaDevice
(LaPD)
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Experimental conditions in LaPD
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n Plasma is created in pulsed dis-
chargesof � 20 ms every 1 second.

n A biaspulseof 5 msis appliedto the
devicewall duringeachdischarge.

n Bias inducesan inwardelectric�eld
thatproducesashearedE � B �o w.

n Typicalplasmaparametersne � 1 �
1012 cm� 3, Te � 10 eV, Ti � 1 eV
andB = 0:1 T.



Turbulent averageof plasmaquantities
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mean_profiles_KH.mpeg
Media File (video/mpeg)

mean_profiles_DW.mpeg
Media File (video/mpeg)



Steadystatepro�les of plasmaquantitites
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Vorticity �uctuations in Kelvin-Helmholtz
turb ulence
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t(ms)

r(
cm

)

n Vorticity �uctuationsfrom vorticity probedataacrosstheradiusduringthe
steadystatepartof thebiaspulse.

n Plotqualitatively shows vorticity alternatessignsin timeat thecenterof the
shearlayer.

n Vorticity �uctuationschangesignsacrossthelayer.



Vorticity Probability Distrib ution Functions
in KH turb ulence
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Momentsof PDFsfor KH turb ulent vorticity
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n Kurtosisasfunctionof radiusshowsdeviation from Gaussianstatisticoutof
theshearregion.

n Skewnessis antisymmetricrespectthecenterof thelayer. This indicatehigh
vorticity eventsof differentsignsoccuronbothsideof thelayer.

n Wecanestimatetheaveragevortex sizeby thewith of theskewnessoneach
sideof thelayer, thisgivesaveragediameterdv = 3 � 5cm.
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CrossPhase(KH)
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n Thecrossphase,which is propotionalto k� , shows linearbehaviour.
n Coherency from 5 kHz to 100kHz closeto one.
n Plot shows crossphasefor angularseparatedprobes5 and3.
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KH CrossPower
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n Plot shows thecrosspower asfunctionof radiusandfrequency.
n Theamplitudesof coherentmodesis biggerat theshearregion.



Linear Analysis for KH
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Nonlinear modelequationsfor KHI coupled
to RTI
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n WemodelnonlinearKHI coupledwith Rayleigh-Taylor Instability (RTI) with
themodelequations:

@
@t

r 2' +
�
'; r 2'

�
+ gef f

@̂n
@y

= 0

@
@t

n̂ + ['; n̂] +
1

L n

@'
@y

= 0

in which
n̂ � ln

n
n0

= ln
�

1 +
~n
n0

�
; L n = �

d
dx

ln n0

subjectto theappropriateboundaryandinitial conditions.
n Weseekanumericalsolutionin thedomain
 = [� L x ; L x ] � [� L y; L y] with

periodicityalongy only. Wedenotetheaspectratioby � = L x=Ly.
n Weassumetheequilibrium�elds to bedependentonly on thecoordinatex.



Numerical solution: Fourier-Chebyshev-tau
method
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n A pseudospectralFourier-Chebyshev-taumethodis usedto solve the
nonlinearequations.

n WeuseaFiniteFourierexpansionalongtheperiodicdirectiony to
approximatethesolution�elds.

n For theinhomogeneousdirectionx wechoosea basisof Chebyshev
polynomialsde�ned as:

T� (x) � cos
�
� cos� 1 x

�
� = 0; 1; 2; : : :

n The�rst polynomialsare

T0(x) = 1

T1(x) = x

T2(x) = 2x2 � 1

T3(x) = 4x3 � 3x



Numerical Algorithm
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n Weapproximatethesolutionfor ' andn̂ by

' (x; y; t) =
X

�;k

' �k (t)T� (x)eik y � = 0; 1; : : : ; nx

n̂(x; y; t) =
X

�;k

n̂�k (t)T� (x)eik y k = 0; 1; : : : ; ny � 1

n TheFouriertransformin y is implementedin theusualwayby usingtheFFT
algorithmona uniformgrid

yj =
2j �
ny

; j = 0; 1; : : : ; ny � 1

n In orderto ef�ciently approximatetheChebyshev transformweusethe
Gauss-Lobattogrid alongx, i.e.

x� = cos
� �
nx

; � = 0; 1; : : : ; nx



Numerical Algorithm (II)
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n Thenon thisgrid we have:

' (x� ; yj ; t) =
X

�;k

' �k (t) cos
�

� � �
nx

�
ei2� kj =ny ; � ; � = 0; : : : ; nx

n̂(x� ; yj ; t) =
X

�;k

n̂�k (t) cos
�

� � �
nx

�
ei2� kj =ny ; k; j = 0; : : : ; ny � 1

n In thisway thediscreteFourier-Chebyshev transformcanbecalculatedby
meansof theFFT algorithm.

n Whenwe substitutetheseexpansionsin themodelequations,we obtainan
equationfor theexpansioncoef�cients:

d
dt

! �k + ['; ! ]�k + ik gef f n̂�k = 0

d
dt

n̂�k + ['; n̂]�k +
ik
L n

' �k = 0

! �k =
�
r 2'

�
�k



Tau method: handling the boundary
condition
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n Wehave to imposetheboundaryconditionson '

' (� 1; y; t) = h� (y) for Dirichlet
@

@x
' (� 1; y; t) = g� (y) for Neumann

n A taumethodis usedto imposetheBC. Weenforcetheequations

! �k =
�
r 2'

�
�k =

X

� k0

�
r 2

k

�
�� ' � k ; for � = 0; 1; : : : nx � 2 and8k

andcompletethesystemof equationswith theBCX

�

' �k T� (� 1) = h�
k ; for Dirichlet

X

�

' �k T0
� (� 1) = g�

k ; for Neumman



KHI simulation on LAPD
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KHI_sim.mpeg
Media File (video/mpeg)



Power spectrain the linear stage
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Energy inversecascade
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Growth rates fr om Nonlinear code
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Experimental power vs. Simulation
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Summary
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n Vorticity probewasusedto measurevortex structuresandturbulencein the
LaPD.

n Probabilitydistrubution functionsshow intermittentvorticity signals.

n Skewnessof PDFsshows theexistenceof oppositelyrotatingvorticeson
eithersideof theshearlayer, asshown in thenonlinearsimulations.

n Vortex diameterarefoundto bedv = 3 � 5cm, in agreementwith nonlinear
simulations.

n KH simulationshowsaninversecascadeprocessthatleadsto theformation
of coherentstructuresoutof smallrandom�uctuationsin asheared�o w
equilibrium.

n A pseudospectralChebyshev-taumethodwasappliedto reducedtwo-�uid
plasmaequationsdescribingvariousplasmainstabilitiesthathave a �uid
analog.
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